On planar Beurling and Fourier transforms 



Hakan Hedenmalm 

Abstract. We study the Beurling and Fourier transforms on subspaces of L^{C) defined by an 
invariance property with respect to the root-of-unity group. This leads to generalizations of 
these transformations acting unitarily on weighted L'^-spaces over C. 



1. Introduction 

Beurling and Fourier tr2insforms. In this note, we shall study certain extensions of the Beurling 
and Fourier transforms on the complex plane C. The Fourier transform of an appropriately area- 
integrable function / is 



while the Beurling transform is the singular integral operator 

/H 

{w — z) 

here "pv" stands for "principal value" , and 

, , dxdy 
dA[z) — , z = X + ly, 

TT 

is normalized area measure. The two transforms are connected via 

d'Bc[fm = y[fm, eec. 

By the Plancherel identity, 5^ is a unitary transformation on L'^(C), which is supplied with the 
standard norm 

ll/lli^(c)- / l/WPdA(z). 

It is clear from this and the above relationship that Q3c is unitary on i^(C) as well. We recall that 
an operator T acting on a complex Hilbert space H is unitary if T*T — TT* = id, where T* is the 
adjoint and "id" is the identity operator. Expressed differently, that T is unitary means that T is 
a surjective isometry. 

Root of unity invariance. For N = 1, 2, 3, . . ., let denote the A''-th roots of unity, that is, the 
collection of all a G C with = 1. For n = 1, . . . , iV, we consider the closed subspace Ar('C) of 
L^(C) consisting of functions / having the invariance property 

(1.1) /(az) = a"/(z), zeC, aeAN- 
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It is easy to see that f £ L'^ (C) if and only f £ 




(C) is of the form 



z G C 



where g some other complex-valued function. 

We shall study the Beurling and Fourier transforms on the subspaces Ar(C). This will be 
shown to lead to interesting generalizations of these transforms to the weighted spaces ^^(C), with 
norm 



Here, is a real parameter. We apply the results obtained regarding the Beurling transform to 
conformal mapping, and obtain Grunsky-type identities in the spirit of [3]. The Grunsky-type 
identity obtained here implies the Prawitz inequality (see, e. g., [5], [5]) as a special case. The 
Grunsky-type inequality that follows from the Grunsky-type identity is more or less equivalent to 
the general Grunsky inequality that forms the backdrop to Louis de Branges' work leading up to 
the solution of the Bieberbach conjecture (see [1]). 

2. The Beurling transform 

The Cauchy transform. The Cauchy transform £c is the integral transform 



defined for appropriately integrable functions. It is related to Beurling transform 5Bc via 



where both sides are understood in the sense of distribution theory. Here, we use the notation 



The Beurling transform and root-of-unity invariance. Fix an = 1,2,3,... and an n = 1, . . . , iV. 

We suppose / e ^ (C) . Then, by the change of variables formula. 





Sc[/](z) = 9,e:c[/](^), 





for a £ An- Taking the average over An, we get the identity 




A symmetric sum. Next, we study the sum 





f3 e An, 



which means that F has the form 



F{z) 



G{z^). 
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The function G then has a simple pole at 1, and is analytic everywhere else in the complex plane. 
Moreover, F vanishes at infinity, so G vanishes there, too. This leaves us but one possibility, that 
G has the form 

where C is a constant. It is easily established that C ~ 1. This leaves us with 

z e C. 



(2.1) F(z) = ^ E T 

As a consequence, we get 



H{z):^F{z) + zF'{z)^[zF{z)]'^- ^ Jl 
This allows us to compute the sum we need: 



1 "ST- a" r N n-l 



{l-azY l(l-z^)2 



4 E ^^^-^^f-) 

N ^ [aw - zf- z^ \z ) 1 
For / G L^^ ^ (C) , we thus get the representation 



Nz^ n - 1 



Let / and g be connected via (|1.2p . and implement this relationship into the above formula: 

Nz'^ n - 1 

(Z^ - W^)2 " Z^ - 

A similar expression may be found for the Cauchy transform as well: 



(2.2) »c[/]W = z"-^pv/ r .,, --^v— nvN^g(^"^)dAH, ze 



(2.3) e:c[/](z) = z"-^-M -^^ ^.9(u;^)dA(u;), ze 



The extended Beurling transform. Let Tc denote the operator 

ic[h]{z)^-€cmz), 

z 

and introduce, for < 9 < 1, the modified Beurling transform 

(2.4) «B^[/i](z) = »cM(z) + Tc[/i](z), zeC; 

here, /i is assumed to be a nice enough function so that the above Beurling and Cauchy transforms 
make sense. It is easy to check that with 

'^^^1 ^ |^|2-2/Af ' 

where g is connected to / via (|1.2p . we have 

^c[f]{z) = z^+"-2«b(,"-i)/^[/,](;,^)^ ^ g C. 
The fact that Q3c is an isometry becomes the norm identity 

(2.5) / \h{z)\^\z\^'AA{z)^ I \%'c[h]{zt\z\^'AA{z), 
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where we suppose that 9 — [n — 1)/N. However, fractions of this type are dense in the interval 
[0, 1], so that (|2.5p extends to all 9 with < 9 < 1. In other words, for < 6* < 1, the operator 
QS^. is unitary on the space Lg{€.), which was defined earlier. It is known [7J that *Bc is a bounded 
operator on Lg{C) for —1 < < 1 (but not for 9 — ±1). This means that for — 1 < 6* < 1, both 
terms in (|2.4p are bounded operators on ^^(C). We suspect that the second term in (|2.4p . the 
operator Tc, is compact with small spectrum. 

Extension to real 9. We first note that 971^, multiplication by the independent variable, is an 
isometric isomorphism Lg_^-^^(C) — > Lg{C) for all real 9. Therefore, for integers k and < < 1, 
the operator 

is unitary on Lg^j,(C). It supplies an extension of 05^ to all real 9. Note that since 

1 1 _ w 

{w — z)^ w — z z{w — z)^' 

there no disagreement arising from the points 9 — and 9—1. For — 1 < < 0, takes the form 
where 



3. Fourier transforms 

The Fourier transform Eind root-of-unity invEiriance. The Fourier transform of a function in (C) 
is given by 

mm = I e-2i«-M f{z) dA{z), e e c. 



By the Plancherel identity, we have 

m/]||L^(c) = ll/l|L^(c), /ei'(C). 

Now, suppose f £ Ar(C), so that / has the invariance property p.ip . Then, by the change of 
variables formula, 

miO = I e-2'«-M f{z) dA{z) = a" / e'^'i^^I^^^l f{z) dA{z) = (a^), e G C, 

Jc Jc 

for a £ An- Taking the average over ^jv, we get the identity 

Wm = / e„,n{zO f{z) dA(z), e e C, 



where 

This sum has the symmetry property 
which means that En^N{z) has the form 

i?„,A,(z)=Z^-"I?„,jv(z^). 
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The extended Fourier transform. We now introduce the generalized Fourier transform 

|<r|-2(«-l)/Ar f 

SnMm) = ^^^^ j^Dn,N{zOh{z)dAiz). 

The special case N ^ n = 1 gives the standard Fourier transform. We connect / and g via (|1.2p . 
It is easy to check that with 

we get that 

dA(z) = 1 £ \hiz)\^ |^|2(-i)/A' dA(z). 
Moreover, we have 

so that 

The Plancherel identity thus states that ^n,N is a unitary transformation on L'^n-i)/Ni'^)- 
inverse transformation is quite similar: 

We need to express the function Dn.N in a different manner. Since 



and 



( -i)J+ fc 



+ 00 



^E""^- E^^ 

where delta stands for the Kronecker delta, we have 



oieAn j,k=0 aeAN 



j — k+n 

a-' 



z- -+^'z'= 



+ OC +00 , .s_„_|_^/ 

~n \^ -^M I |2fc „jv; 

i=-oofc=0 ^ ' 



with the understanding that 



^ = 0, TO = -1,-2,-3,.... 
to! 



It now follows that 
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We should mention that as En^N^z) is bounded by 1 in modulus, we have 

\DnM^)\<\^r^^~\ ^eC. 

The formula for Dn,N allows us to express the modified Fourier transform accordingly (provided 
f{z) — 0(|z|^™) as \z\ — > +00 for every positive integer m): 

An application involving the confluent hypergeometric function. Next, we consider a function / of 
the form 

/(z) = z™|zp"e"'^l^l''", 
where m is an integer, a, (3 are real with /3 > 0, and 

n — 1 

m + 2a-\ > -1. 

N 

If we choose 

n — 1 — r 



N ' 

where r is an integer, we obtain by calculation that 

Tr \fMt\ I ■\-n+N(m+l) ^ ^ \~ ^ ) IC|2fe/Af 

^nAm) = {-^) ^ }^^{k-n + N{m + l))\k\ 

^ ' ^r_„+i+iv(m+i) (fc-n + A^(m+l))!fc! V P 



k=0 



X iFi ( N{m + 1) - n + r + 1; N{m + 1) - n + 1; - 



pr-n+l+N{,n+l) (^J^(^^ + I) ~ n) 

where iFi stands for the standard confluent hypergeometric function. We have from one of the 
classical identities that 

iFi ^A^(m+l)-n+r+l; N{m+\)-n+\\ -^^^ = e-l«l'^"/'^ iFi ^~r; N{m+l)-n+l\ "^^^^ > 

where the right hand side is easy to compute for positive r, as the sum is then finite. As a result 
of the unitarity of dn,N, we find that (with (3=1 and M = N^m + 1) — n + 1) 



iFi{-r-M-t) 



1 



(Af + 2r- l)![(Af - 1)!]2 



2*^+2'-[(Af + r- 1)!]2 ' 
which follows from formula 7.622 of as a limit case. 
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4. Applications of Beurling transforms to conformal mapping 

Transfer to the unit disk. We need to introduce some general notation. Let QJIf denote the operator 
of multiplication by the function F. We also need the Hilbert space L'g{X) with the norm 



X 



where X is some Borel measurable subset of C with positive area. In the sequel, we fix 9 to the 
interval < ^ < 1. Fix a bounded simply connected domain O in C, which contain the origin, 
and \ct If : 1} ^ n denote the conformal mapping with (p{0) = and (p'{0) > 0. Let / G L^(n), 
and extend it to the whole complex plane so that it vanishes on C \ fi. Let denote the 

restriction to O of 5Bc[/], and do likewise to define the operators Ca, Tq, Xq, 5Bq, as well as 5Bq^. 
We introduce transferred operators on spaces over the unit disk in the following fashion. First, we 
suppose / e Lg{Q). Then the associated function 



(4.1) 



g{z) = ip'{z) 



(p{z) 



Z G 



belongs to -£'^(10'), with equality of norms: 

II5||l2(d) = II/1Il2(o)- 

The transferred Cauchy transform is defined as follows: 



(4.2) 



ip{z) 



^n[f]{z) = [ 
Jb 



w (p{z) 

Zip{w) 



(p'{w) 



ip{w) - ip{z) 



g{w) dA{'w). 



The transferred modified Beurling transform is defined analogously: 



ip{z) 



ip'iz) 



z 

(p{z) 



'Bn[f]o^{z) + 



ip{z) 



where 



^'/[g]iz)=py [ 
Jo 



w (p{z) 



zip{w) 



e:o[/]o¥.(z) 



Lp'{z)ip'{w) 

{ip{w) - ip{z))' 



e,Or 



<[9]{z), 



■ g{w) d^(u;). 



It is clear that is a norm contraction on i^(]D'). Let be the integral operator 



W]{z) 



(1 



f{w) \wy'^dA{w); 



it is the orthogonal projection to the subspace of analytic functions in -L^(D). As both and 
are contractions on Ligip), so is their product ^eS^. It remains to represent the operator ^e®^ 
in a reasonable fashion. The main observation is that 



w ip{z 



z (p{w) 



1 



i(p{w) — (p{z)y {w — zy 
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near the diagonal z = w, so that 



(4.3) 



w ip{z) 



ip'{z)ifi'{w) 
{ip{w) - (p{z)y 



V'{z) 
ip{z) 



z fiw) 



ip{z) 



IV — z 



+ o{i) 



f{w) — (p{z) {w — zY z(w — z) 



+ 0(1), 
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again near the diagonal. We observe that in view of (|4.3[) . we get the Grunsky-type identity 
(4.4) ^g^l = »^ - Q5d + 'Pe'BD + O^gTo - ^Td. 

To make the involved operators ^e^D and ^PsTd appearing in the right hand side of (|4.4p more 
concrete, it is helpful to know that for A G D, 



<^e[fxKz) = ~X\X\ 



20 



1 



(l-tAz)2 l-tXz 



while 



2| \ \20-2 



1 



(l-tAz)2 l-tXz 
In view of these relations, we quickly verify that 

<Pe»D + e^eln = 0. 
The Grunsky-type identity (|4.4p thus simplifies a bit: 



t'dt, fxiz) 



i^di, gx{z) 



1 



A-z' 



1 



(x-zy 



(4.5) 



The corresponding Grunsky-type inequality reads 

(4.6) ||(»« -<8o-0Td)[/]|L.(„) < ||/IU^(D), /eL2(B). 

To get a concrete example of how the Grunsky-type inequality works, we pick 



and compute 



1 



X^iz) 



zip{X) 



(l-zA)2 I-zA;' 
^'{z)^'{X) 



z e 



1 



(^(A)-^(z))2 (A-z)2 



+ 



ip{z) 

We see that (|4.6I) in this case assumes the form (0 < ^ < 1) 



z(p{X) 



^'(A) 



ip{X)-ip{z) z{X-z)' 



(4.7) 



>^viz) 
zip{X) 



(^(A)-^(z))2 (A-z)2 



(^(z) 



A(^(z) 



n 8 



;^(A) 



^'(A) 



< / |/A(z)nz|2''dv4(z) 



tp{X)~tp{z) z(A-z) 

2 

-29 



z|2''dA(z) 



1 



(1 - zA)2 1 - zA 



izr-dA(z) 



(1_|A|2)2 



The special case A = gives us the inequality of Prawitz (see [5] and [6]; we assume (p'{0) = 1): 



V'{z) 



(p{z) 



|z|^'^dA(z) < 
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A dual version. We carry out the corresponding calculations on the basis of the fact that *B(. is 
unitary on i'^g(C) for < < 1. In analogy with the above treatment, we connect two functions 
/, g via 



(4.8) 



g{z) = Lp'{z) 



fo(p{z), ze 



Then / G L'^g{il) if and only if 5 G i^g(D), with equality of norms: 
The corresponding transferred Beurling transform assumes the form 



^-%]iz) = v'iz) 



ip{z) 



'tp{zy 


1 


z 





^n[f]o(p{z)~e€n 



o^{z)\^^-''%](z)^e^'{z)c- 



where 23"^'" and are as before (just plug in —9 in place of 9 in the corresponding formulas). 
It is clear that 05^^ is a contraction on L^g(D). 

To cut a long story short, the Grunsky-type identity analogous to (|4.5p reads 

(4.9) V-e'S-' = - »D + 91'a. 

Let be the operator 

1 9 



'29 



(1 — wz)^ 1 — wz 



g{w) dA{w); 



it is a contraction on Lg{3), which can be written 



where denotes the orthogonal projection onto the antiholomorphic functions in L^g 
forming adjoints, we find that ()4.9p states that 



By 



(4.10) K^-e = »^ - Sd - 9%o. 
We now combine ((i3)l with (I4.10p : 

(4.11) ^l-^o- OI0 = VeK = K^-e - VeK^*-e. 

This means that for full mappings if, we have equality in the Grunsky-type inequality (|4.6p if and 
only if f{z) is of the form times an antianalytic function. In particular, (|4.7p is an equality 

for full mappings. 
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